We give two characterizations of an MT operator A from a Banach space X into a quasi-Banach space Y. Both characterizations are generalizations of results of Burkholder concerning MT spaces, and one characterization answers a question of Bourgain and Davis.
Preliminaries.
Let X be a vector space over the complex field C or the real field R. We say that X is a quasi-Banach space if there exists a complete real-valued function || • || on X such that for all x, y G X and all scalars a ||x||=0 iffx = 0, ||qx|| = |a|||x||, ||x + y|| < X(||x|| + \\y\\)
where K > 1 is independent of x and y. The function || • || is called a quasi-norm. If K = 1, we say X is a Banach space and || • || is a norm. By the Aoki-Rolewicz theorem [4] we may assume there exists q, 0 < q < 1, such that || • || is g-subadditive.
That is, for x, y €E X, ||x-l-y||9 < ||x||9 + \\y\\q.
Let X be a Banach space, (fi, A, P) a nonatomic probability space and Ao, M,.. ■ a nondecreasing sequence of sub-<r-fields of ^. A sequence / = (/") of X-valued functions is a martingale if the corresponding difference sequence d = (dn) given by di = /i and dn = fn -fn-\ for n > 2 satisfies dn: fi -> X is strongly measurable with respect to An, \\dn\\Ll{X) = E(\\dn\\)<oo,
where E denotes expected value.
A sequence u = (un) of scalar-valued functions is a predictable sequence if un is ^n_i-measurable.
Here we shall always assume also that supJIitnlloo < 1. The transform g = (gn) of / by u is given by n 9n =^2ujdj. j=l We also use f*(oj) = supn||/n(w)|| and for 1 < p < oo ll/llz.p(x) =sup||/n||Lp(x). DEFINITION. We say a continuous linear operator A: X -► Y from a Banach space into a quasi-Banach space is an MT (resp. UMD) operator if for each p, 1 < p < oo, there exists a constant C = C(p) so that, for all X-valued martingales f = Un), all predictable sequences u = (un) (resp. all choices of sign e = (en), £" = ±1) and transforms g of f by u (resp. e) we have \\Ag\\Lp(Y) < C||/Ilz,p(x)-Burkholder [3] defines a Banach space X to be an MT (UMD) space if the identity operator on X is an MT (UMD) operator. He then shows that X is an MT space if and only if it is an UMD space. Perhaps inspired by this, Bourgain and Davis [1] asked if an UMD operator is an MT operator. In §2 we answer in the affirmative. Burkholder [3] also gives a geometric characterization of an UMD space. In §3 we give a geometric characterization of an UMD operator.
I take this time to thank Bill Davis for introducing me to this material, Neal Carothers for some helpful comments, and the referee for some useful suggestions concerning the rewriting of the first draft of this paper. where p, 1 < p < oo, is fixed, and C is a constant independent of /, u and n. By considering the real and imaginary parts of u separately (in case C is our scalar field) we may assume u is real-valued. So fix n. Following Burkholder's methods in [2 and 3] we may make the following assumptions: We assume that /i,..., /" are simple functions, and we assume that ttfc is single-valued with uk G [-1,1] for 1 < k < n. Thus write uk = ]C°^i 2~tene, £ik = ±1.
As noted earlier we may assume || • ||y is ç-subadditive for some 0 < q <1. where C = C(p) is the UMD constant of A. This completes the proof.
We remark that Burkholder [3] was able to show that the MT constant of a Banach space X equals the UMD constant of X. We have been unable to get a result of that strength.
The ç-characterization
of an MT operator. Burkholder [3] showed that a Banach space X is an MT space if and only if there exists a symmetric, biconvex function c:X x X -v R such that c(0,0) > 0 and c(x + y) < \\x + y\\ if \\y\\ > 1. We now prove that a similar result holds for an MT operator A: X -> Y. By Theorem 1 we may assume A is an UMD operator. We assume A is nonzero to avoid technical complications in our proof. PROOF. Let x,z G X and define M(x, z) to be the class of all martingales / with /i = x so that for some e = (1, £2, £3,...) the transform g of / by e satisfies P(\\A(gn) -A(z)\\Y > 1 for some n > 1) = 1. Define V>(x,z)=inf{||/||Ll(x): feM(x,z)}.
Using arguments similar to those in [3, pp. 1003-1004] one can show that ip has these properties:
(1) tp(x, z) = ip(x, 2x -z), (2) 
